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Electrostatic Analysis for Plane Problems
With Finite Formulation

Paolo Bettini and Francesco Trevisan

Abstract—The Finite Formulation is an alternative to the widely TABLE |
used Finite Elements or Edge Elements methods and adopts the GLOBAL VARIABLES OF INTEREST IN ELECTROSTATIC AND
global variables as a starting point. The Finite Formulation allows THEIR RELATION WITH FIELD VARIABLES

one to straightforwardly deduce the set of algebraic equations. This
method has been applied to the solution of plane electrostatic prob-
lems on the basis of two different topologies of the primal mesh el-

Configuration global variables (V) Source global variables (C)
electric voltage: electric flux:

ements: triangular and quadrilateral. The obtained results in the UlL]=f EdL ‘P[S]:ngdS
two cases have been compared each other and also with those from electric potential: electric charge content:
the Finite Elements. viP] Q[V]:j;, pdV

Index Terms—Edge elements, electrostatic, finite formulation.

(2-D) electrostatic problem of the computation of the capaci-
. INTRODUCTION tance of a transmission line in the presence of nonhomogeneous
N ORDER to solve the field problems with a numerimedia.
ical method, an algebraic formulation is needed, usually
obtained through a discretization process of the original differ- [I. FINITE FORMULATION FOR ELECTROSTATIC

ential or integral equations. Therefore, different discretization 11,4 starting point of the Finite Formulation is the use of

processes have been developed and applied with succesgdf,| variables The global variables refer to oriented geomet-
computational electromagnetism, such as: the Finite Differenge, ajements of a system like poinB lines L, surfacesS
or Finite Differences in Time Domain, the Finite Elemenf,;mesv, instantd, and intervaldl'. Global variables are con-

method [2], [3], the Edge Element method [4], and the Finitg, ;o5 in the presence of different materials and do not require

Integration Theory [1], [5], [6]. _ _any restriction, like field functions, in terms of derivability con-
As an alternative, it is possible to reformulate field laws iRitions on the material media parameters.

finite form so that an algebraic system of equations can be di-the giohal variables relevant to our electrostatic problem
rectly written to solve the field problem, avoiding the use of g, reported in Table I. Their dependence on the oriented

discreti;ation process applieq to a differential equation. This asometrical elements (in bold face) is evidenced within a
proach is the Finite Formulation [7] and the corresponding nldg ,are bracket; moreover, to distinguish one of the two possible
merical methoq is kn_own as t_hfa Cell method. The Cell meth%qientations inner and outen), a tilde is used to specify the
ha.s been applied, with promising results, to the numencalls&]ter orientation with respect to the inner orientation (without
lution of electromagnetic field problems [8], [11], [13] and iny4e). The global variables are related to the field functions by
other fields of computational physics such as the fluid acousfitaans of an integration performed on oriented lines, surfaces,
[9], the elastodynamic, and the heat conduction [10]. Itis intefjs;;mes, and time intervals; therefore, they are equivalent to
esting, but not surprising, to see that using this approach, cojs commonly used integral variables.

pletely independent from the differential formulation, the same According to Finite Formulation, global variables can be also

results of the Finite Integration theory or of the Finite Elemenig, «<ified intoconfiguration, sourceandenergyvariables. The
can be derived. The fact that the same result can be obtaiReffiy ration variableslescribe the configuration of the field
from completely different stgrtmg points is typlcal of science. IQith the intervention of the material parameters. Euirce
particular, the Cell method in electromagnetism can be viewggjapjesdescribe the sources of the field without involving the

as an extension and a generalization of the Finite 'megraﬂﬁ{éterial parameters. The energy variables are the product be-
theory, being based on a mathematically more rigorous desctipzan 5 configuration and a source variable.

tion provided by the use of algebraic topology. Anyway, these
two formulations remain different in their conceptual core bex. Cell Complexes
cause the respective starting hypotheses are different. The ainf,

of this paper is to apply the Cell method to the two-dimensiongb he classification above has a great impact in the numerical

plications of the Finite Formulation. It is matter of fact that the
Cell method requires the use of a pair of oriented cell complexes
K = {ph7 L, Sj, Vk}, andK = {{/h, Si, lj, f)k} one dual of the

Manuscript received June 18, 2002. _ _ other, endowed with inner and outer orientation, respectively;
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dual cell i’k dual cell

primal cell

éﬂ‘g. 2. Primal cell, based on triangles, and portions of dual faces; local

Fig. 1. Primal cell complex based on triangles (on the left) and primal ¢ bering is adopted.

complex based on quadrilateral elements (on the right). The corresponding
complexes are also shown staggered with respect to the primal ones.

In this way, (2) becomes identically satisfied. From the

variables are referred to the dual complex. Therefore, the asdgality between orientations of the cell complexgsk’, the
ciation of the global variables to the respective primal or duf@llowing relation holds:
cell complex, both in space and in time, becomes unique. _aT-D @)
Two kinds of topologies of the primal cell complédk have -
been considered here for the 2-D electrostatic problem, based
on a set of prisms,, with triangular or quadrilateral base and
unit depth, respectively; see Fig. 1. The corresponding cell
complexesk are derived according to the barycentric subdivi- The link between configuration and source variables is given
sion: as dual pointp,, the barycentres of the prisms are considdy the constitutive equationshat contain material properties
ered while the dual edgésare broken lines linking the barycen-and metrical notions. Two approaches will be described here in
tres of two adjacent cellg; and passing via the barycentre ofleducing the electric constitutive equation.

the common face;. For the primal compleX(, being the mesh 1) A first approach assumes a unifoand D fields

lll. ELECTRIC CONSTITUTIVE EQUATION

of two dimensions, the number of points is the number of mesh inside each primal ceft;, with triangular base.

nodesN, the number of edges is the number of mesh edges 2) A second approach, more general, assumes the uni-
the number of faces i5, and the number of cells is the number formity of the fields in subregions of each primal cell

of mesh element#’. For the dual compleX< the number of v, [11]; it is applied to the case of primal cells with
points isE, the number of edges is, the number of faces i5, quadrilateral base.

and the number of cells &.
A. Case of Triangular Elements

B. Physical Laws for Electrostatic Considering a primal cell with triangular base and local num-

The physical laws of electromagnetism link physical bering of nodes and edges as shown in Fig. 2, the uniform elec-
variables of the same kind (configuration variables with cofc field vectorE® can be equivalently deduced as
figuration variables and source variables with source variables) . 1 . 1
and express that a global variable associated to a geometrical E°=(L.) U, E°=(L) U Q)
element is equal to another global variable associated to itFi :
. . whereL,, L; are 2x 2 matrices whose rows are the row vectors
boundary. In the case of electrostatic, with reference to a pal

. > ' of a pair of primal edges;, 15 andly, 13, respectivelyU, =
of primal dual cell complexe& -K above defined, the laws are[U% Us]T, U, = [T, Us] are the vectors of the corresponding

electric voltages. Introducing the element voltage vetipr=

DV =Q (Gauss lay @ v, U, U7, (5) can be rewritten as

CU =0 (voltage is conservatiye (2)

1
. . o E°=_-(A+B)U*° (6)
whereD is the N x I matrix of incidence numbers between the 2

outer or.ientations of vqu'ma”s;.L and faces; of the dual com- \yhereA B are two 2x 3 matrices whose columns are those of
plex; C is the ' x L matrix of incidence numbers between th L.) !, (Ly) ! respectively; in additionA has the first column

inner orientations of faces and lined; of the primal complex. f ;er0s and3 has the second column of zeros.

U is the vector of electric voltages associated to primal etiges o, the other hand, the vector of electric fluxes
andV is the vector of electric fluxes associated to dual fages e _ (U, U, U, ]T relative to the portions of dual
Q is the vector of the electric charge content associated to dﬂ?&esél, 3., 8, tailored inside the primal celt, can be written
cellsvy. From the identityC’ G = 0, whereG isthe L x N 5¢

matrix of incidence numbers between the inner orientations of

lines1; and pointsp;, of the primal complex, the vectdv of e — S°De (7)
electric potentials associated to primal noggscan be intro-
duced such that whereSe is the 3x 2 matrix which rows are the portions of dual

area vectorsy, s,, s3. From the constitutive equation between
U=-GV. (3) the uniform fields,D¢ = e°E° with ¢° the 2x 2 permittivity
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whereL;, withi = a, b, ¢, d, is the 4x 2 matrix whose nonzero
rows are those corresponding to the couple of primal edge row
vectors delimiting the subregiaR;.

From the constitutive equation between the uniform fields,
E; = ¢~ 'D,, the elemental constitutive equation can be de-
duced from (10) and (12) as

1
e _ — e—1 A . e
Fig. 3. Primal cell, based on quadrilateral elements and portions of dual faces; U® = 2 Z Lie A | WE (13)
local numbering is adopted. The four subregions are evidenced on the right. i=a,b,c,d
By inversion of the 4x 4 matrix in (13), the elemental matrix
matrix, the final elemental constitutive equation can be deduckdlc can be computed such that
from (6) and (7) as

ve =MoU”. (24)
Ue = %Seee(A + B)U°® = M:U*° (8) It can be shown that in the particular case of triangular ele-
ments, as in Fig. 2, this approach leads to exactly the same ele-
whereM¢ is the 3x 3 nonsymmetric elemental matrix. mental matrixiMLS of (8).
Both for the case of triangular elements and for case of the
B. Case of Quadrilateral Elements guadrilateral elements, starting from the local constitutive (8) or

Inside each primal cell four subregiofs,, Ry, R., and Ry (14), the global constitutive equation can be assembled working
can be defined, delimited by portions of dual edges and porticfi§Ment by element as

of primal edges; see Fig. 3. Within each subregion the fields ¥ =M.U (15)
D;, E; with: = a, b, ¢, d are assumed uniform. Considering
first the subregion,, from the vector of electric fluxe¥, = whereM. is the L x L. nonsymmetric constitutive matrix while

[w, Ww,]", relative to the portions of dual facés, s,, the ¥, U are the global vectors of electric fluxes and electric volt-
field D, can be deduced aB, = (S,)~'T, beingS,, the ages, respectively.
2 x 2 matrix whose rows are the row vectors of the portions of

dual areas, s4. For a generic subregiaR;, withi = a, b, c, d, IV. NUMERICAL RESULTS AND DISCUSSION
and from the corresponding vector of electric fluXesD; can e aigebraic system to be solved can be derived by substi-
be derived as tuting in (1) the global constitutive (15) wheké is expressed
S\—1 ) by means of (3), obtaining
D, = (s) U, withi = a,b, ¢, d 9)
- (G"™™M.G)V=Q. (16)

where S; is the 2x 2 matrix whose rows are the rowcan be shown that, in the case of triangular elements under the
vectors of the portions of dual areas delimiting the reyypothesis of uniform field and using a dual mesh with barycen-
gion R;. Introducing the glemen.t vector of electric fluxegyic supdivision, the resulting system matrix in (16) is symmetric
e = [0 Wy W3 Wyl relative to the four portions of [12] Moreover, this matrix is coincident with the final system
dual areas;, . . . 4, (9) can be rewritten as matrix obtained with Finite Elements with affine approximation

of the electric potential within each triangle of the mesh. On the
(10) contrary, the system matrix becomes nonsymmetric for the case
. . f quadrilateral elements; for a typical mesh, the extent of the
where A; is the 2x 4 matrix whose columns are those Ogsymmetry i4|A — AT||/||A] = 2%.

§.)—1 i ition. i ?
(S:) ! and, in addition, 'F has two columns_of ZEI0S COITe- o an application, the analysis of a transmission line has been
sponding to the two electric fluxes not belonging to the reg'or?erformed with no free charg@ according to both the topolo-

B C%i're]zs of primal elements; see Fig. 4. The relative permittivity of
e dielectric region is 10, while the boundary conditions are
V. = 0V on the external nodes ald = 1 V on the boundary

D, = A, ¥° withi = a, b, C, d

On the other hand, the voltages relative to primal edges
be expressed as

1 nodes of the internal conductor.
Ur =ghE. + ShEy, Uz = SlhEy + SLE. From the solution of (16) in terms of the nodal potentials
1 1 1 1 vectorV, the capacitance of the transmission line has been com-
Us :§I3EC + §I3Ed7 Uy = §I4Ed + §I4Ea 11) puted following two approaches: tlohargeapproach and the
) energyapproach.
where thel; withi = 1,..., 4 are the row vectors of the four

primal edges. Introducing the elemental vector of voltaggs Charge Approach

e __ T .
Ur=[lh U Us Ui]",(11)can be rewritten as The Gauss law (1) can be applied to compute the charge

.1 1 1 1 within a closed surfac& made of dual faces, surrounding the
U® = SLoEa + SLeEy + SLeEc + SLaEq (12)  conductor; then, the capacitanceds = ¢/(Vi — V.). The
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2 TABLE I
o CAPACITANCE VALUES C, andC,,
! Capacitance [F] Triangles Quadrilaterals
5 N=1529, E=2926 N=1510, E=1431
o Cq 4.63070 10 4.66171 10
, Cy 4.63070 10710 4.66179 10
i}
2 : .
S S : The capacitance valugs, and C,,, computed for both the

xx (mm)

mesh topologies, are reported in Table Il. It should be noted
that the capacitance value obtained for the case of triangular
mesh is coincident with that from Finite Elements with affine
behavior of the potential inside the elements. In both the cases
of triangles and quadrilaterals, the number of nodal unknowns
is almost the same but the number of elements to be processed
in the computation of the constitutive equation for the case of
triangles is about double that of the corresponding number for
the case of quadrilaterals.

xx(mm)

V. CONCLUSION

Fig. 4. On the top, the primal mesh based on trianglés£ 1542, L = The efficiency of Finite Formulation for electrostatic has been
4468, E = 2926), and on the bottom, the primal mesh based on quadrllateretls d kinds of ri | I | b d .
(N = 1510, L = 2941, E = 1431), are shown together with the equipotential ested on two '_n S of pnmal cell comp e_xes, ased on t_”an'
lines. gular and quadrilateral elements, respectively. The capacitance
has been computed according to thargeapproach and to the
energyapproach; the results are in a good agreement with each

other and with FE.

Fig. 5. The two closed surfaces surrounding the inner armature of the A
transmission line are shown for the two mesh topologies. CKNOWLEDGMENT
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