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3-D Magnetostatic With the Finite Formulation

Maurizio RepettpMember, IEEEand Francesco Trevisan

Abstract—The paper presents the solution of a three-dimen- One of the main aspects of the work of Tonti is based on the def-
sional (3-D) magnetostatic problem using the finite formulation jnition of two space grids, which are related by duality topolog-
of an electromagnetic field. Two different approaches, based on a j¢4 constraint which fit very well with the structure of electro-
primal-dual barycentric discretization of the 3-D space, are pre- . . . . . .
sented, considering as unknowns either the magnetic fluxes or the magnetic equat'ons a”OW'n_g a Stralghtforyvard Implementatloh
circulations of the vector potential. Results on simple reference Of the theoretical scheme in a computational procedure. This
configurations are reported and discussed. concept is of key importance to an efficient solution of electro-
magnetic fields as it is well pointed out in [6].

Following this consideration, this work is aimed to the assess-
ment of the use of FFEF in a computational procedure based on
. INTRODUCTION an unstructured space discretization. Two different algorithms

HE USE offinite formulationsof field problems is quite for the solution of the magnetostatic problem are formulated and
widespread in many subjects of numerical analysis aff@Plemented in computer codes and their performances tested

Index Terms—Finite formulation, magnetic analysis.

engineering. and compared on simple reference cases.
The main concept behirfthite formulationss related to the
use of integral variables, like for instance fluxes and line inte- !I- FINITE FORMULATION AND SPACE DISCRETIZATION

grals of field quantities; these variables are then constrained byaccording to the finite formulation, it is possible to deduce a
means of physical laws like balance equations or topological it of algebraic equations directly from physical laws instead of
lations between them. As itis put in evidence in the introductiqjetting them from a discretization process applied to differen-
of the Patankar book [1], this approach is a step behind with gg] or integral equations written in terms of the field quantities.
spect to the differential formulations of field problems. WhI|Q_JS|ng g|0ba| variables like currents or magnetic fluxes, a di-
the differential/variational approach has been fundamental f@ict discrete formulation of physical laws can be obtained ready
the development of an analytical treatment of field problems,fir the numerical implementation. In this work, we focus on
can be said that thinite approach is more natural for their nu-the solution of the three-dimensional (3-D) magnetostatic field
merical solution. In many areas of numerical analysis of physnalysis by reformulating the magnetostatic field laws in a di-
ical problems the finite volume method has been largely usedct discrete way. Global variables are referred to oriented ge-
In computational fluid dynamics, thermal and multiphysics emymetrical elements of a system like poiftslinesL, surfaces
vironments the use of this method is, in fact, very frequent. s, and volumesV. These variables are continuous in the pres-

In electromagnetic analysis environment the finite approagice of different materials and do not require any restriction,
was related, in the beginning of the use of numerical methodige field functions, in terms of derivability conditions on the
to finite difference schemes. Following this research line, veftaterial media parameters.
important algorithms and computational procedures were develThe global variables relevant to our magnetostatic problem
oped, for instance the finite difference time domain (FDTD) [2dre reported in Table I. Their dependence on the oriented ge-
algorithm as well as the finite integration technique [3]. Oth&metrical elements (in bold face) is evidenced within square
approaches using finite formulations in electromagnetic surackets; moreover, a tilde is used to specify the outer orien-
jects were naturally tied to circuit expressions of field problemggtion of the dual entities respect to the inner orientation of the
see, for instance, [4]. Unfortunately, the use of finite differengsrimal onesGlobal variablesare related to the field functions
schemes always have been hindered by their natural applicaig"means of an integration performed on oriented lines, sur-
to structured grids. Variational methods, like the finite-elemerfices, volumes, and time intervals; therefore, they are equiva-
method (FEM), going along well with unstructured grids, havient to the commonly used integral variables.
found a much wider application to engineering problems. A further classification of the global variables, éonfigura-

The work of Tonti in the definition ofinite formulation of ' tion andsourcevariables, is important in the finite formulation
electromagnetic fieldFFEF) [5] has conceptually highlightedof physical laws Configuration variablesiescribe the pattern
the basic aspects of the problems allowing the extensionsddthe field whilesource variableslescribe its sources. The link
the finite approach to generic unstructured space discretizatiogstween configuration and source variables aretmstitutive

equationgthat contain the material properties and the metrical
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TABLE | primal nodad
GLOBAL VARIABLES OF INTEREST FORMAGNETOSTATIC AND THEIR RELATION
WITH FIELD FUNCTIONS portion of dual face

Configuration global variables (Wb) Source global variables (A)

magnetic flux: electric current:
o[S] = [BdS I8]= [Jds crion o duakdge
S S
circulation of the vector potential: magnetic voltage:
piL]= J’LA dL F[L]= IEH dL

i

retical scheme, a computational procedure requires the use of o . . .
Fig. 1. A generic primal cell (a tetrahedron) is shown with the corresponding

a pair of oriented cell complexe&” = {ps,L;,s;, vi} and. primal faces, edges, and nodes. Correspondingly, the dual node, the portions of
K = {Vv4,8;1;,pr}, one dual of the other, endowed withdual edges, and dual faces inside the primal cell are shown. Local numbering

inner and outer orientation, respectively. Two cell complexes dpedisplayed together with inner and outer orientations of some geometrical
. . : elements.

needed because the configuration variables are referred to a cen

complex, the primal, and the source variables are referred to the

dual complex. Therefore, the association of the global variabléaitages and /} is the vector of currents. Moreover, from the

to the respective primal or dual cell complex, both in space aR@nservation of charge, it can be written as

in time, becomes unique. In the paper, the domain of interest is .

discretized inV,, tetraheda as primal cellg,, N, primal faces [DHI} =0 @)

S TJX’ primal linesl;, and/\,, primal pointsp,,. - where[D] is the incidence matrix between a dual volufhe

e dual mesh is built starting from the primal one accordlna%1d 2 dual facs. of dimension. x N

to the barycentric subdivision. Inside each tetraheggma dual ¢ p b

nodepy, is defined in its barycentre. Dual eddg,@rossing the

primal facess; are built in two segments, each one going from a

dual node to the barycentre of the face. These edges inherit theiThe link between configuration and source variables is the

outer orientation by the inner orientation of the primal face. Aonstitutive equationthat contain material properties and met-

dual faces; is defined by the primal edge crossing it; also in thigical notions [7]. In the case of magnetostatic and with reference

case, the orientation of the dual face is induced by the one of thea tetrahedrom,, of verticesa, b, c, d(Fig. 1), the local vector

corresponding primal edge. Inside a tetrahedron, four portioofluxes can be introduced @ = [®; ... ®,]* together with

of four dual faces are tailored; see Fig. 1. Each of these portiahe local vector of magnetic voltag#® = [F; ... Fy]7T rela-

of dual faces is a quadrilateral, defined by the midpoint of tive to the portions of dual edges insisig. Under the hypoth-

primal edge, by two faces barycentres, and by the dual nodeesis of uniformity of the field8* andH* and homogeneity of
Due to the duality between the two cell comple¥ésindK, the media permeability” inside the tetrahedron, t&&* vector

it can be stated thaV, is the number op, N, is the number can be expressed as

of 1;, N, is the number of;, andV,, is the number of,.

I1l. CONSTITUTIVE EQUATION

4

k 1

B. Physical Laws in Finite Form H" = E Zl dyj P w; (4)
In finite form physical laws of electromagnetism are ex- !

pressed as topological constraints on variables of the sawlerew; are the usual facet element shape vectors defined on
kind. These constraints tie a global variable associated tdhg basis of the scalar affine nodal functioNs associated to
geometrical element to be equal to another global variaidie ith node of the tetrahedrod;,; are the incidence numbers
associated to its boundary. In the case of magnetostatic, wigtween the inner orientations of the primal celland of its
reference to a pair of primal dual cell complex€sK above primal facess;. Then, from (4), the vector of the magnetic volt-
defined, themagnetic Gauss lawan be written as agesF* can be written as

[D]{@} =0 (1) {F*} = [L] {m"} (5)

where[D] is the incidence matrix between a primal celland  where[L] is the 4x 3 matrix whose rows are the vectors relative
a primal faces;, of dimensionN, x N, and® the vector of to the four portions of dual edges internalp. Combining (5)
fluxes, theAmpeére lanbecomes and (4), the local constitutive equation can be written as

[C{F} = {1} ) (FFY = |M*| {oF) ©6)

where[Q] is the incidence matrix between a dual fageand a where | M*| is the square nonsymmetric elemental matrix of
dual linel;, of dimensionV, x N,. { F'} is the vector of magnetic dimension four relative to theth cell v,. From (6), the global
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constitutive equation can be assembled working element by el-
ement

/
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%

{F} = [M]]{o} (7)

where[M] is the global constitutive matrix of dimensia¥;,
still nonsymmetric.
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IV. M AGNETOSTATIC FORMULATIONS

—

Two approaches can be followed in the finite formulation of
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magnetostatic, assuming as known the external currents and the ¥ !*4
permeability distribution. The first based on the fluxesand : Ea
the second based on the circulations of the vector potgnéial = .v....‘

unknowns.

/

\

A. ® Formulation

In this case)V; fluxes relative to the primal faces are consid- _ o _ '
ered;Nse of them are assigned, as boundary conditions on tﬁ&gx cziéns(i:tl;/blc domain with a uniform flux. Vectors of the computed magnetic
external faces. Boundary conditions must comply with (1), thus '
the assigned flux must be nulN,; fluxes are the real unknowns
relative to the internal faces, witN, = N,. + Ng;. C. Comparison of Formulations

~As concerns the equations, the magnetic Gauss law (1) proy ihe flux formulation has a direct link with physics, the re-

\(ldesNU — 1 independent eqyauons because one ?OnStra'”Elﬂting system obtained from (1) and (8) leads to a nonsym-
linearly dependent by the assigned boundary condition. In ordgEic’ matrix. Moreover, the computational scheme requires
to constraint theV,,; unknown fluxesN,; — N, + 1, Ampere g 4 store for each dual cotree branch the fundamental loop
law (2) must be imposed. Following a scheme similar to the ORShology. This fact, in large 3-D problems, can be very de-
used in network analysis,. atree can be defined along dual edﬂ%ding in terms of memory requirements. In addition, with
and Ampere law can be imposed on the fundamental 100ps Sy, tetrahedral mesh generators the obtained algebraic system
sociated to the branches of thetree Using the constitutive g |arger for theb formulation respect to theone. A further ad-
equation (7) equations can be written as vantage of the formulation is that it can be easily extended to

- the case of magneto-quasistatic problems.

[CIIM[{®} = {I}. 8)

V. NUMERICAL EXPERIMENTS AND DISCUSSION

B. p Formulation The proposed numerical schemes have been implemented in
numerical analysis environment allowing us to define the re-
uired geometrical entities and their topological relationships.
Some simple analysis problems have been tested in order to as-
sess the accuracy of the methods.

The N; circulations of the vector potential relative to primaE
edges can be introduced such that

[CH{p} = {®}
. - . . A. Cube With Uniform Field
where[C] is the incidence matrix between a primal fagend a

primal linel;, of dimensionV, x Ny; {p} is the vector of circula- This problem has been solved to evaluate the accuracy of the
tions of the vector potential. Because of the iderfii®}{C] = 0 numerical schemes on a simple case discretized by means of

(9) identically satisfies the Gauss law (1). Substituting (9) in@" irregular primal mesh made of simplexes. The domain of
(8), the followingN; equations can be derived: the problem is a cube with a flux entering the bottom face and

exiting the upper one with an average magnetic flux density
value of 1 T; see Fig. 2. Both schemes could represent correctly
the uniform field inside the cube with a relative accuracy better

11
of which only N; — N, + 1 are independent due to (3). This"2" 10 -

means thaiV,, — 1 circulations can be eliminated in thevector, . . _ _

associated to the branches of a tree base,gnimal lines and B- Ferromagnetic Sphere in a Uniform Field

N, primal nodes. This is analogous to the Albanese—RubinacciThis problem has a analytical solution which can be used as
gauge condition on the vector potential [8]. It can be shown, asreference. The domain of the problem is shown in Fig. 3, to-
[5], that [C] = [C]T and that the resulting matrix of the systengether with the simplex primal mesh. The primal mesh is made
(10) [C]T[M][C] is symmetric even ifM] is not, as shown in of 3240 tetrahedra, 6676 faces, 4088 edges, and 653 nodes. A
9. uniform flux is imposed on the two bases of the external cylinder

[CIM][C]{p} = {1} (10)
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TABLE I
FERROMAGNETIC SPHERE IN UNIFORM FIELD COMPARISONSWITH
ANALYTICAL SOLUTION

@ formulation p formulation

B in the center of the 2.853 2.894
sphere [T]
Error wrt analytical 4.6 3.2

solution [%]
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Fig. 3. Ferromagnetic sphere immersed in a uniform field. Mesh used for thel4] A. Demenko,

numerical solution and vector plot of magnetic flux density.

. , . .8l
correspondent to a uniform magnetic flux density of 1 T, while

the sphere has a value of relative permeabilty of 1000.

The analytical solution for the magnetic flux density inside 7]

the sphere is given by

3(pr — 1)
= — By =2991T. 11
w2 Do (11)

The results obtained by the two schemes are reported in
Table II, while a sketch of the tetrahedral mesh together with a[
vector plot of the magnetic flux density can be seen in Fig. 3.
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The error with respect to the analytical solution can be at-
tributed both to a discretization error of the spherical surface and
to a uniform flux condition imposed at a finite distance from the
sphere and not to infinity.

VI. CONCLUSION

The work performed has allowed us to test the efficiency of
the numerical procedures based on the FFEF applied to unstruc-
tured meshes. The two proposed formulations have given good
results when compared to simple reference cases, while some
important issues related to numerical and memory requirements
seem to give a preference to thdormulation. The work will
continue studying the time-varying case.
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