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Abstract 
 
The paper is centred on a direct discrete approach, applicable to a large class of physical 
problems. Structural systems are considered and the governing equations are derived in 
a discrete form without using a differential formulation. The numerical technique is 
similar to the finite volume method and requires the use of two meshes: one to properly 
describe the distribution of configuration variables (displacements), one to enforce 
equilibrium. A discrete number of potential crack paths is provided by the second mesh 
and fracture processes are studied by introducing a proper criterion. The general features 
of the method are pointed out by considering general problems related to quasi-brittle 
fracture and by discussing applications to masonry. 
 
 
Introduction 
 
A discrete formulation is presented which is suitable for the numerical solution of 
mechanical problems (both linear and nonlinear). Possible applications to cracking 
phenomena are proposed by exploiting the particular pattern of a mesh, that is typical of 
the numerical approach and provides a discrete number of paths along which cracks may 
propagate. Plane structural systems are considered, but the methodology is applicable to 
more general cases. 
The first part of the paper gives general information on the theoretical background and 
on the fundamental feature of the method: a clear distinction between the different roles 
played by configuration variables and source variables. In this way we follow the lay-
out suggested by the scheme known as Tonti Diagram [1, 2, 3] or Generalised Tonti 
Diagram [4], that is applicable to a large class of physical problems, such as heat 
transfer, fluid dynamics, elasticity and electromagnetism [5]. It is shown that two 
different meshes can be defined by keeping configuration variables (e.g., temperature, 
electric potential, displacements) separate from source variables (e.g., heat production, 
electric charge, forces). In the case of structural problems a first (primal) mesh allows 
one to derive compatibility equations, while a second (dual) mesh is utilised to enforce 
equilibrium. It should be noted that discrete governing equations are directly obtained: 
no intermediate differential formulations are considered before recovering the discrete 
form needed for numerical applications. 



Paper published in Mesomechanics 2000 (edited by G.G. Sih), 
Tsinghua University Press, Beijing, P.R. China, 395-406 

2

Next, the dual mesh and its possible use in the context of fracture processes are 
discussed. By means of the dual mesh the continuum is subdivided into a number of 
relatively small polygons, for which balance (equilibrium) equations are written. To this 
aim, the total contribution of the loads acting on each polygon (body forces and tractions 
along the polygon sides) is set equal to zero. Tractions are due to external surface loads 
or to forces exchanged with the remaining part of the continuum. At this stage it is noted 
that the polygon sides (altogether) provide a discrete number of zig-zag paths, since the 
interface course tends to turn left and right, up and down, repeatedly in a sharp way. 
Therefore, interfaces can be recognised as potential crack paths and a convenient 
criterion can be introduced in order to define critical loads beyond which cracks start to 
propagate. For instance, Coulomb's yield condition or Barenblatt's cohesive model may 
be considered [6, 7]. 
Finally, some numerical examples are presented. First, macroscopically homogeneous 
systems made of quasi-brittle materials are dealt with. Next, applications to masonry 
structures are briefly discussed [8]. 
 
 
The cell method: primal and dual mesh 
 
We start by considering any portion of a plane 
structural system subdivided into triangular 
primal cells. An example is given in Fig. 1, 
where primal cells are shown by thick lines. 
This kind of cell complex is usually called 
simplicial complex, since it consists of 
triangular cells or simplexes. The values 
attained by the configuration variables at the 
vertices of each triangle can be used in order to 
define their distribution inside the cell. Because 
of this choice, a linear displacement field is 
assumed inside the triangle. However, higher order distributions may also be selected 
[9]. 
Next, we need to describe the flow of some physical quantities through proper 
interfaces. One possible choice is the interface AB (Fig. 1) along the axis of the segment 
DE. Indeed, the interface is located between two points (the vertices D and E), where a 
significant parameter is evaluated. For instance, if we are dealing with heat flow, its 
value through AB can be related to the temperatures at D and E. Alternatively, for 
typical problems found in the context of solid mechanics we can consider the force 
along AB: its value depends upon the displacements at C, D, E and V. The points A and 
B may be the circumcentres of the cells α and β. By properly connecting all the 
circumcentres of the triangles, polygons or dual cells (such as the shaded area in Fig. 1) 
are defined. At this stage, a balance equation (equilibrium equation in solid mechanics) 
can be written by taking into account inward flows, outward flows and possible sources 
concerned with a given cell (e.g., the cell around V in Fig. 1). 
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Fig. 1 - Primal and dual mesh 
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Thus, a pair of dual meshes will be used: one 
for configuration variables (and, hence, for 
compatibility equations in solid mechanics), 
one for source variables (and, hence, for 
equilibrium equations). However, we need to 
investigate dual cells and related properties a 
bit further. Indeed, we should know (and 
avoid) possible situations that imply 
circumcentre locations which are not suitable 
for a correct evaluation of physical quantities. 
One undesired situation occurs if two 
circumcentres are coicident (as it happens 
with two right-angled triangles whose 
interface is their hypotenuse). Further 
problems would arise with primal cells such as the ones presented in Fig. 2 and 
characterised by the obtuse-angled triangle HJL. Indeed, if we refer again to heat 
transfer problems, we note that each side of the primal mesh (e.g., HK) must be 
associated to an outward unit vector n (oriented from H to K). Then, an equation based 
on this vector would imply a heat flow through AB featuring the same orientation of n 
when the temperature at H is higher. If we move along the axes of the other segments 
centred around H, we obviously expect consistent orientations (i.e., unit vectors oriented 
from the left to the right as we go from B to C, from C to D, and so on). Thus, the vector 
m should be oriented as shown in Fig. 2. Its orientation would give a relationship that 
implies a heat flow through EF from J to H if the temperature at J is lower. Obviously, 
this is not consistent with the physical phenomenon. In addition, a polygon such as 
ABCDEF does not allow one to give a clear meaning to the concept of inward/outward 
flow. This kind of problem is avoided by imposing the so called Delaunay condition to 
the simplicial complex: the circle passing through the vertices of a triangle must not 
contain any vertex of any other triangle of the complex. It may be noted that this 
condition is met for the circle passing through the vertices of γ (and of the other primal 
cells in Fig. 1). In this way we obtain dual cells (suitable for balance equations) such as 
the shaded polygon of Fig. 1. A dual mesh associated to a Delaunay network is named 
Voronoy tessellation and every vertex of the primal complex is inside a unique dual cell. 
For instance, V in Fig. 1 is inside the shaded dual cell. It is also closer to any point 
inside the shaded cell than any other vertex of the (primal) Delaunay network. This 
property leads to the concept of area of influence and suggests the idea of deriving an 
equilibrium equation for each dual cell [10]. 
 
 
Solution of elastic-plastic problems 
 
As pointed out before, we assume a homogeneous deformation within each primal cell. 
The components of the strain tensor eα concerned with one cell (say α) depend upon the 
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Fig. 2 - Inward and outward flows 
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horizontal displacements ui, uj, uk and on the vertical displacements vi, vj, vk of the 
vertices Pi, Pj, Pk (cf. Fig. 3). We obtain: 

εxx = (1/2A) {− (yj - yi) uk − (yk - yj) ui − (yi - yk) uj},        (1a) 
 

    εyy= (1/2A) {(xj - xi) vk + (xk - xj) vi + (xi - xk) vj},         (1b) 
 

εxy = (1/4A) {−(yj- yi) vk + (xj- xi) uk − (yk- yj) vi + (xk- xj) ui − (yi- yk) vj + (xi- xk) uj} 
(1c) 

 
In the above equations Aα is the cell area, while x 
and y denote vertex coordinates. Thus, the 
equilibrium equation concerned with the k-th dual 
cell reads 
 

   Qkj + Qkh + ... + Qki + Fk = 0,       (2) 
 

where Fk is the relevant body force, while the 
vectors Qkj, Qkh, ..., Qki denote interface forces. 
Each force (say Qkj, related to the interface PαPβ) 
depends upon the stress tensors s∗ ;α and s∗ ;β of the 

primal cells (α and β) whose circumcentres are Pα and Pβ (cf. Fig. 3). Thus, we can set 
 

Qkj = s∗ ;β R (Pkj - Pβ) − s∗ ;α R (Pkj - Pα),   (3) 
 
where R represents the (90 degree) rotation tensor 
 
              � 0    -1 � 
             R = �     �.             (4) 
              � 1     0 � 
 
Slightly different relationships are needed in the case 
of boundary cells. Thus, eqn. (2) becomes (cf. Fig. 4) 
 

Qkj + Qkh + ... + Qki + Fk + FB = 0,     (5) 
 
where FB refers to boundary forces. The loads acting upon interfaces between 
contiguous dual cells can be expressed again through equations such as (3). However, 
we shall impose s∗ ;α=0 or s∗ ;β=0 when the interface belongs to a single cell of the 
primal network. 
By introducing the elastic stiffness tensor Dα, we can set 
 

sα = Dα eα.                       (6) 
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Fig. 3 - Internal dual cell 
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Fig. 4 - Internal dual cell 
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Then, we can write eqn. (2) for each dual cell and express the terms Qkj in (3) as 
functions of convenient displacements by means of eqns. (6) and (1). Eventually, we 
obtain the linear system 

K U = F.                        (7) 
 
In the above equation, U and F collect displacement and force components, respectively. 
The matrix K is fully analogous to the stiffness matrix of discrete finite element models 
and is symmetric, positive definite for properly constrained systems. Indeed, K does 
coincide with the corresponding finite element matrix if 3-node elements analogous to 
the primal cells are selected. It is clear, however, that the theoretical background utilised 
in this context is completely different. In addition, equilibrium is not satisfied by 
considering (fictitious) point forces, such as equivalent nodal loads, but by focusing on 
loads that are actually exchanged along interfaces and, in principle, can be measured by 
means of appropriate devices (e.g., flat jacks). 
Eqn. (7) allows one to solve linear elastic problems. Minor manipulations, also provide 
relationships that are suitable for the solution of elastic plastic problems. In this case the 
constitutive equation (6) is substituted by the relationship 
 

sα = Dα {eα − wα},                     (8) 
 
where wα is the plastic strain tensor. Thus, eqn. (7) becomes 
 

  K U + L W = F,                     (9) 
 
where W collects all the independent components of the strain tensors wα, while L is a 
constant matrix that transforms inelastic strains into convenient loads. Eventually, eqn. 
(9) and a proper yield condition can lead to the numerical solution of elastic plastic 
problems [11]. 
 
 
Applications to crack growth problems 
 
The above framework can be applied to the study of quasi-brittle fracture, by assuming 
that the interfaces of the Voronoy network represent a discrete set of possible paths 
suitable for crack propagation. The basic idea is that a convenient criterion (e.g., 
Coulomb's condition) may be utilised in order to find the loads under which a potential 
crack surface becomes active. 
The easiest way of implementing the technique may be described as follows. 
The average force acting on each interface, say Qk, is considered, with k=1,...,nV, if nV 
denotes the total number of interfaces of Voronoy's network. Next, we impose that the 
shear component Qt and the normal component Qn satisfy the selected condition. The 
most obvious example is provided by the classical inequality 
 

�Qt� ≤ Qc − Qn tan ϕ,                  (10) 
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where Qc and ϕ depend upon the material and the interface area. In the above equation, 
normal loads Qn are clearly negative if they denote compression forces. 
As typical with nonlinear problems, the numerical solution can be found by subdividing 
the load history into a finite number of time steps. Next, displacement increments are 
determined at each step by using an iterative procedure. The iterative process can be 
summarised as follows: 
 
•  Initial displacements, stresses and interface forces {∆Q°}k are given at the beginning 

of each step 
 
•  Eqn. (9) is written in the form 
 

  K ∆U = ∆F + ∆F*,                     (11) 
 
 and ∆F* (vector of interface forces due to possible inelastic deformations) is set 

equal to zero at the first iteration 
 
•  Incremental displacements ∆U are found by means of eqn. (11) 
 
•  Incremental interface forces {∆QE}ks are computed (forces that would occur if the 

response to ∆U were fully elastic) and interface forces 
 

Qk = {Q°}k + {∆QE}k − {∆Q*}k,                   (12) 
 
 are determined, whose components Qn and Qt satisfy the required condition 
 
•  A new vector ∆F* is determined that collects the forces {∆Q*}k 
 
•  Eqn. (11) is solved again by using the updated vector ∆F* and the iterative process 

continues until the difference between the norms of ∆F* computed at two 
subsequent iterations does not exceed a given tolerance. 

 
As pointed out above, the forces ∆F* are due to inelastic 
effects and must satisfy an appropriate condition. In this 
context, even if the final object is the study of crack 
propagation, fracture processes are not explicitly 
described by displacement discontinuities. On the 
contrary, their effects are simulated by assuming inelastic 
strains in zones located around the interfaces. For 
instance, such zone may be the one shown by a thick line 
in Fig. 5. Thus, proper values of {∆Q*}k are found by 
introducing fictitious, relative displacements δ and η at 
the interface (along the normal and the tangential 
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Fig. 5 - Cracked surface 
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direction) and by setting 
 

Qn = {Q°}n + {∆QE }n − (S/L*) Dnn δ − (S/L*)  Dnt η              (13a) 
 

Qt = {Q°}t + {∆QE }t − (S/L*) Dtn δ − (S/L*) Dtt η,             (13b) 
 
where Dpq (p,q=n or t) are entries of the material stiffness matrix, S represents the area 
of the interface and L* denotes the neighbourhood thickness. If both sides of eqns. (13) 
are divided by S, we obtain the relationships 
 

σn = (σ°)n + (∆σE)n − Dnn εi − Dnt γ
i     ,     τ = τo + ∆τE − Dtn εi − Dtt γ

i ,  (14a,b) 
 
subject to the constraint imposed by the selected condition. An easy example is given by 
the inequality (10) to be satisfied by Qt=τS and Qn=σS. Clearly, in this case a 
convenient ratio between the inelastic strains εi and γi must be introduced (e.g., 
εi/γi=±tan ϕ). 
The displacements δ and η (related to crack opening) affect the relative displacement of 
the points C and D in Fig. 5. Note that the same relative displacement may be obtained 
by a uniform distribution of inelastic strains ε* and γ* in the shaded quadrangle ADBC. 
Such strains must satisfy the conditions εiL*=ε*LCD and γiL*=γ*LCD, where LCD is the 
length of the segment CD in Fig. 5. 
The above remark, also suggests a different way of 
using the smeared crack concept (inelastic strains 
instead of actual displacement discontinuities). 
Indeed, each triangle of the Delaunay network can 
be divided into three small triangles (Fig. 6), in 
which uniform inelastic strains are assumed. Thus, 
we can make use of eqn. (8), by assuming that α 
refers to a small triangle inside one primal cell 
(α=1,...,3cP, if cP is the total number of primal 
cells). Next, an equation such as (9) can be derived 
and we can set ∆F*=-L ∆W (as we do for any 
traditional elastic-plastic analysis). Obviously, the vector ∆W will contain 3cP 
subvectors {∆w*}α  (subvectors that collect the independent components of the strain 
tensors ∆wα). Each inelastic strain tensor ∆wα will be associated to a fracture process 
that takes place along the portion of the interface that belongs to the α-th small triangle 
(e.g., segment AB in Fig. 6). 
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Fig. 6 - Small triangular regions 
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In any case, the model discussed here implies crack effects smeared throughout a certain 
volume element. As already pointed out, when the relative displacement d between two 
points (e.g., C and D in Fig. 5) is partially due to crack opening, the portion of d related 
to inelastic effects is given by ε*L*, where ε* is one strain component and L* a 
characteristic length. This fact 
must be considered when a 
softening law is defined. First, for 
any interface we need a critical 
tensile stress σc at which inelastic 
effects start to occur (Fig. 7). Next, 
a critical inelastic strain εc must be 
defined at which the tensile stress 
becomes zero. Taking into account 
the features of the smeared crack model, εc must be defined in such a way that wc=εcL*, 
where wc denotes the critical crack opening at which σ becomes zero (Fig. 8). In this 
way, when the inelastic strain computed according to the smeared crack model becomes 
equal to εc, a fracture energy has been released that corresponds to the shaded area in 
Fig. 8. This relation between critical strains and characteristic dimensions of the primal 
cells also allows one to remove, at least to some extent, mesh dependent results [12], 
which are quite typical in the presence of softening materials. 
The nonlinear behaviour can be described by introducing a piecewise linear limit 
surface. An example is given in Fig. 9. Here the elastic domain is bounded by six lines 
in the plane Qn-Qt. In view of the piecewise linear approximation, inelastic strains are 
found through an equation such as {w*}α   = mα zα, where zα contains six plastic 
multipliers (one for each line) and mα is a matrix of direction cosines. 
Let us now introduce the vector Pj=DjAj({e*}j −{w*}j) with j=1,...,nS. The parameter 
nS denotes the total number of segments AB (interfaces or half interfaces) to be 
considered, while the vector e*;j collects the independent components of the strain 
tensor ej. The scalar quantity Aj=tjLj is the 
area of the current full interface or half 
interface (product between its thickness 
and its length), while [D*]j is the stiffness 
matrix of the critical zone where inelastic 
strains are smeared. According to our 
model, such zone may be a small portion 
around an interface (Fig. 5) or a small 
triangle inside one dual cell (Fig. 6). The 
vector Pj can also be expressed in the 
incremental form Pj= {P°}j+Sj{∆e*}j-
Sjmj∆zj, where Sj is the block diagonal 
matrix Sj=[D*]jAj. Thus, for each critical 
zone we obtain 
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     Fig. 7 - Linear σ-ε plot     Fig. 8 - σ-w plot 
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yj = {nj}T {P°}j + {nj}T {Sj{∆e*}j-Sjmj∆zj }  - rj ≤ 0  ,  ∆zj ≥ 0  ,  {yj}T ∆zj = 0 
  (15a,b,c) 

 
Here, the vector rj gives the distances of the six lines in Fig. 9 from the origin. The 
matrix nj (made of outward unit vectors) is needed to project the stress vector along 
directions which are orthogonal to the six lines. In this way, active inelastic modes can 
be detected. Finally, the complementarity constraint (15c) allows inelastic strains to 
become non-zero when at least one yield locus is violated. 
When the above conditions are satisfied for each critical zone, the constitutive law can 
be enforced in the framework of a nonlinear step-by-step analysis. 
If rj remains constant throughout the load history, an elastic perfectly plastic behaviour 
is recovered. On the other hand, hardening and/or softening may be introduced by 
assuming a convenient function rj=rj(∆zj). At present, we are considering a possible 
softening behaviour for planes 1 and 2 in Fig. 9. 
One further enhancement of the structural response is 
possible by enforcing some loss of stiffness related to 
inelastic strains [13]. This feature has not been 
implemented, yet, in the framework of the discrete 
formulation discussed here. 
As pointed out above, softening has been considered for 
planes 1 and 2 (Fig. 9), by assuming a relationship 
r=r(z), such as the one represented in Fig. 10. It is 
characterised either by the single softening branch (a) or 
by the horizontal branch (b). This second branch is needed since the solution of the 
problem (15) obtained by using the branch (a) may lead to a negative value of r=r(z). In 
this case, a new solution is found by using the branch (b). The r-z plot of Fig. 10 implies 
the relationship rj={r°}j+Hj∆zj, with Hj constant, and makes eqns. (15) define a linear 
complementarity problem [14, 15]. 
It is worth noting that the model is also able to describe crack closure. 
To this aim we start by selecting the critical zones (full interface of Fig. 5 or half 
interface of Fig. 6) which have lost their tensile strength (zero distance of lines 1 and 2 
from the origin). Next, for these zones we introduce a vector ∆zo;j, whose non-zero 
entries may be the terms that correspond to the lines passing through the origin: sthey 
will be given the values attained by the multipliers at the end of the previous time step. 
In order to take into account crack closure, we need to consider also each critical zone 
where a normal (positive) inelastic strains εN;j combined with a positive normal stress σ
N;j has occurred at least once. If the tensile strength is not fully lost (no line passes 
through the origin), we introduce the parameter (q°)j=(εN)j, where (εN)j denotes the 
current inelastic strains. We also define a new stiffness parameter (h*)j=(σ*)j, /(ε*)j, 
where (ε*)j is the largest value ever attained by (εN)j and (σ*)j is the corresponding 
(positive) normal stress. 
After introducing the vector {∆z°}j and the parameter qo;j, we may consider the problem 
[8] 
 

     

r

z

(a)

(b)
 

 
         Fig. 10 - r vs. z plot 
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yj = {nj}T (P°)j + nT Sj { ∆ej + C (q°)j + mj {∆z°}j - C qj - mj∆zj} - rj ≤ 0  (16a) 
 

∆zj ≥ 0 , {yj}T ∆zj = 0             (16b,c) 
 

vj = B (P°)j + B Sj {∆ ej + C (q°)j + mj {∆z°}j - C qj - mj∆zj}  - (h*)j qj ≤ 0  (16d) 
 

 qj ≥ 0 , vj qj = 0                  (16e,f) 
 
where C=[1  0]T transforms qo;j into a two-entry vector. Similarly, the matrix B=CT 
selects the entry of the vector Pj, defined above, which represents the normal force 
associated to the strain component (εN)j. 
When conditions (16) are satisfied, the normal inelastic strains are progressively 
recovered if the corresponding total strains decrease. In any case, the increments of the 
inelastic strains at the end of the current time step are given by { C q+m ∆z-C qo-m ∆zo} . 
It is worth noting that the problem (16) and eqn. (11), in which ∆F*=-L ∆W, generalise 
the governing equations 
 

σo + k (∆ε + ξo - ∆λ - ξ) = σ   ,   σ - h ∆λ - σ* = y ≤ 0   ,   ∆λ ≥ 0   ,   y ∆λ = 0, 
(17a,b,c,d) 

σ - g ξ = v ≤ 0   ,   ξ ≥  0   ,   v ξ = 0.           (17e,f,g) 
 
These equations govern the response of the mechanical system shown in Fig. 11a. It is 
made of three linear elastic springs (whose stiffness parameters are k, h<0, g), one rigid, 
perfectly plastic slip (with yield limit equal to σ*) and one no-tension element 
characterised by reversible strains ξ [16]. The relevant σ-ε plot is given in Fig. 11b. 
Note that the dashed path in Fig. 11b is allowed by eqns. (17), not not by eqns. (16). 

 

 
Fig. 11 - Mechanical model (a) and σ-ε plot (b) 

 
 
Applications to masonry 
 

σ

εσ*

(b) 

 

∆λ
∆σk

ξ
h g

(a) 



Paper published in Mesomechanics 2000 (edited by G.G. Sih), 
Tsinghua University Press, Beijing, P.R. China, 395-406 

11

The same concepts developed in the 
previous Sections may be applied to dual 
meshes made of rectangles. An example 
is given by Fig. 12, where thick lines 
refer to the primal mesh. 
For each rectangle of the primal mesh 
(e.g., ABCD in Fig. 12) it is possible to 
assume a bilinear displacement field, 
that depends upon vertex displacements. 
Next, every rectangle is divided into four 
triangles (1, 8, 9, 10 in Fig. 13), where 
the displacement gradient and the 
relevant strain distribution can be 
determined. For the sake of simplicity, 
strain fields may be approximated by uniform distributions. 
The triangles of Fig. 13 have the same functions of the three shaded triangles in Fig. 6.  

The primal and dual meshes discussed 
in this Section are quite suitable for the 
numerical analysis of masonry. Indeed, 
masonry can be described as a 
macroscopically homogeneous 
material (without considering the 
mechanical properties of mortar and 
bricks or stones separately). For 
instance, the discrete system of Fig. 13 
can be utilised for the masonry 
assembly of Fig. 14. In this case, it is 
assumed that joint slips may occur 

along the interfaces of the primal cells (e.g., 
segments 1-8 in Fig. 13). This can be done by 
introducing a yield surface in the space Nx-Ny-S, 
where Nx or Ny are normal forces acting along 
one interface, while S denotes the corresponding 
shear load. For instance, Coulomb's criterion can 
be applied. In this case, a possible yield locus is 
the one shown in Fig. 9, where the six lines 
represent projections of yield surfaces in the 
plane Qn-Qt (instead of Nx-S or Ny-S). 
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Fig. 12 - Primal and dual mesh 
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Fig. 13 - Dual cell subdivided into 8 triangles 
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Fig. 14 - Typical brickwork 
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In the case of masonry, however, one further inelastic phenomenon should be 
considered. Indeed, fracture processes in bricks may occur. They can be described by 

introducing a convenient criterion at the vertical 
interfaces. To this aim, we have set some limitation to 
horizontal strains, by introducing an additional yield 
surface whose projection on the Nx-Ny plane is shown 
in Fig. 15 with a thick line. The thin line has no 
interest in this context, since it refers to values of Nx 
and Ny for which horizontal cracks (detachments 
parallel to mortar beds) would start to develop. 
Eventually, the model implies a small number of 
possible failure modes (slips or cracks at joints and 
vertical cracks in bricks). In spite of obvious 
limitations, this choice seems to be a reasonable 
compromise between the advantages of a simple 

description and a satisfactory level of accuracy. Indeed, the model appears suitable for 
practical applications, since limited experimental information is required: joint strength 
and critical brick elongation. Such parameters can be estimated, at least to some extent, 
even in the case of historical monuments. 
Numerical tests 
 
Some characteristic results are shown in Figs. 16 
and 17. The first picture is concerned with one 
mortar specimen subject to compression. The 
typical hour-glass shape after collapse can be 
noted, since black segments denote cracked 
areas. Note that the length of each segment is 
proportional to the norm of the inelastic strain 
vector that occurs in the region around the 
relevant interface. Fig. 17 is referred to a notched 
concrete beam subject to four point bending. As 
before, black lines show the presence of cracks. 
Figs. 16 and 17 were clearly obtained by using 
Delaunay's network as primal mesh 
and, hence, Voronoy's tessellation as 
dual mesh (combined with an 
appropriate algorithm for the 
detection of inelastic strains). 
Finally, Fig. 18 shows one plot 
related to the response of a masonry 
shear wall subject to cyclic loads [8]. 

 
N

Nx

y

7

 
 

Figure 15: Yield plane 7 
 
 

     
Fig. 16 - Mortar specimen 

   
 

         Fig. 17 - Notched beam subject to bending 
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In this case, rectangular cells (as discussed in the previous Section) were utilised for the 
primal and the dual mesh. First, the bottom edge was constrained and vertical downward 
uniform displacements were imposed along the upper edge in order to induce 
compression. Next, a cyclic uniform 
horizontal displacement was applied to the 
top edge and the relevant shear is reported 
as function of such displacement (thin line). 
Owing to the load condition selected for 
this sample problem, joint cracks in the 
central region were the main inelastic 
effects in the wall. The thick curve gives 
the computed response when the 
displacements applied along the top edge 
increase monotonically. 
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