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1 Introduction

In many practical situations it becomes necessary to combine two algorithms, e.g., the
FDTD and FETD to improve the accuracy of the solution without placing an inordinately
heavy burden on the cpu. For instance, it is often desirable to use the FDTD on a coarse,
structured Cartesian mesh bulk of the region and to employ either a FDTD subgridding
scheme in a smaller region containing objects with fine features, or to use the FETD on an
unstructured mesh to further improve the modeling accuracy in this region. Although this
circumvents the problem of having to use a very small time step throughout the compu-
tational domain to satisfy the Courant condition[1] which is associated with the smallest
length of the mesh edges in the entire computational domain, it does introduce the burden
of temporal and spatial interpolations and the distinct possibility of instabilities introduced
by the spurious reflections at the interface of the two domains with dissimilar meshes. What
is even more disconcerting is that although the two algorithms, applied in the different do-
mains, may be independently stable (in the absence of the other domain), the combination
may still be unstable.

In this paper we propose two new algorithms, developed by using the recently-introduced
Cell Method (CM[2],[3]) that enables us to address both the problems of instability and
connectivity when dealing with a combination of a coarse mesh FDTD in one domain, and
either a fine mesh or a triangular one in the other.

2 The Cell Method

The Cell Method is a numerical procedure that enables us to formulate the laws of elec-
tromagnetics in a compact algebraic form. The CM utilizes the global (integral) variables
(electric voltage impulseV[L,T](=

∫
T

∫
L E·dldt), electric fluxΨ[S̃, Ĩ](=

∫
S̃ D·ds), mag-

netic voltage impulseF [L̃, T̃](=
∫
T̃

∫
L̃ H·dldt), magnetic fluxΦ[S, I](=

∫
S B·ds) and

electric current flowQf [S̃, T̃](=
∫
T̃

∫
S̃ J·dsdt)) as representations of the physical vari-

ables in contrast to the local ones such as the electric and magnetic fieldsE andH. Also,
it utilizes two staggered gridsviz., primal and dual, whose oriented elements (primal points
P, linesL, surfacesS, volumesV and dual points̃P, linesL̃, surfaces̃S, volumesṼ) are
associated with the global variables - for instance the primal lineL with the electric voltage
impulseV and the primal surfaceS with the magnetic fluxΦ. In CM the electrodynamic
laws can be divided into two categories, based on the type of variables that are linked. The
categories are:
Topological equations(field equations). They link the physical variables with the geomet-
rical elements belonging to the same grid (the primal or the dual one). In the 2DTMz case



the equations reduce to:
Φn+1/2 = Φn−1/2 −GVn, Ψn+1 = Ψn + GT Fn+1/2 −Qn+1/2

f

whereVn, Φn+1/2, Fn+1/2, Ψn, Qn+1/2
f are arrays of scalars andG is the incidence ma-

trix associated with the primal points and lines.
Metric relations . These relations link the global variables associated with geometrical
elements belonging to different type of grids. The metric relations can be split into two
parts via the introduction of the intermediate variablesviz., the electric voltageV [L, t)(=∫
L E·dl), the magnetic voltageF [L̃, t)(=

∫
L̃ H·dl) and the electric currentI[S̃, t)(=

∫
S̃ J·ds).

Next we turn to the constitutive and time integration relations that are given below:
Constitutive relations: These relations are expressed as:

Vn = MεiΨn , Fn+1/2 = MνΦn+1/2 or Ψn = MεVn , Φn+1/2 = MµFn+1/2 (1)

where the matricesMεi, Mν , Mε, Mµ are calledconstitutive matrices. The microcell
interpolation scheme (MIS)[2] may be employed to build them.
Time integration relations: In this work we explore two different types of time integration
schemes. Given the time stepτ , the first is chosen to be:

Vn = τVn, Fn+1/2 = τFn+1/2, Qn+1/2
f = τIn+1/2 (2)

and its use leads to theleap-frog schemeused in the conventional FDTD[1]. The second
one reads:

Vn =
τ

4
(Vn+1 + 2Vn + Vn−1), Fn+1/2 = τFn+1/2, Qn+1/2

f = τIn+1/2 (3)

and leads to theNewmark time-stepping schemeutilized in FETD.

3 Formulation of hybrid algorithms

In order to set up the hybridization it is necessary to partition the computational domain
Ω into two subdomains. The first one of these, say subdomainΩ1, utilizes a coarse rectan-
gular mesh on which the original FDTD algorithm is employed. On the second subdomain
Ω2, which has the fine details, we choose to use a different form of algorithm whose maxi-
mum time step is independent of the minimum mesh size inΩ2. The partition of the domain
Ω leads to a partition of the incidence matrixG, and the constitutive matricesMεi, Mν into
four blocks. We will use the matrices to generate the time domain algorithms separately for
the two domains. For the first domainΩ1, the topological equations and the metric relations
to derive the CM/FDTD algorithm take the form:

1)Fn+1/2
1 = Fn−1/2

1 − τMν11(G11Vn
1 + G12Vn

2 )
2)Vn+1

1 = Vn
1 + τMεi11(GT

11F
n+1/2
1 − In+1/2

1 )
For the domainΩ2 we offer two options,viz., the CM/NEW and the CM/FDTD algorithm.
The former is based on the (3) and, hence, is an implicit algorithm. It can be expressed as:

(Mε22+(τ2/4)GT
22Mν22G22)Vn+1

2 = (2Mε22−(τ2/2)GT
22Mν22G22−τ2GT

12Mν11G12)Vn
2−

(Mε22 + (τ2/4)GT
22Mν22G22)Vn−1

2 − τ2GT
12Mν11G11Vn

1 − τ(In+1/2
2 − I

n−1/2
2 ).

In contrast to CM/NEW, the CM/FDTD algorithm uses (2), with time subgridding, and is
an explicit algorithm. It utilizes the update equations:

1)Fn+1/6
2 = Fn−1/6

2 − (τ/3)Mν22G22Vn
2



2)Vn+1/3
2 = Vn

2 + (τ/3)Mεi22(GT
12F

n+1/2
1 + GT

22F
n+1/6
2 − In+1/6

2 )
3)Fn+3/6

2 = Fn+1/6
2 − (τ/3)Mν22G22V

n+1/3
2

4)Vn+2/3
2 = Vn+1/3

2 + (τ/3)Mεi22(GT
12F

n+1/2
1 + GT

22F
n+3/6
2 − In+3/6

2 )
5)Fn+5/6

2 = Fn+3/6
2 − (τ/3)Mν22G22V

n+2/3
2

6)Vn+1
2 = Vn+2/3

2 + (τ/3)Mεi22(GT
12F

n+1/2
1 + GT

22F
n+5/6
2 − In+5/6

2 )

Note that these algorithms can be used with a triangular mesh as well. We have veri-
fied that with a subgridding scheme in the regionΩ2 the CM/NEW algorithm is stable for
τ < 1

c0
q

1
∆x2 + 1

∆y2

whereas the CM/FDTD algoritm is stable forτ < 0.95

c0
q

1
∆x2 + 1

∆y2

where

∆x and∆y are the grid step sizes in the domainΩ1.

4 Numerical results

For the first example, we consider aTMZ wave propagating in an empty parallel-plate
waveguide, with a view to evaluating the level of reflection at the interface between the
domainsΩ1 andΩ2. The reflection coefficientR = |VCM (ω)− VFDTD(ω)|/|VFDTD(ω)|
has been calculated in the frequency range of 0.8-1.5 GHz, by using the two algorithms
(Fig.3a) inΩ2 that also utilize two different meshes (Fig.2). In the second test, we compare
the numerical results for the longitudinal fieldEz, generated by a line source in the do-
mainΩ2 that contains the fine mesh (subgridding and triangular mesh). The relative error
|EzCM (ω)−EzEXACT (ω)|/|EzCM (ω)|, calculated at the frequency for whichλ = 20∆x,
is shown in Fig 3b.

5 Conclusions

In this paper two new hybrid FDTD algorithms, formulated via the Cell Method, have
been presented for the analysis of structures with fine details. The level of reflection intro-
duced by the interface of dissimilar mesh (subgridding or triangular mesh) in two different
regions of the computational domain has been studied, and the results are presented for
different approaches for the sake of comparison. The paper also shows that the accuracy of
the field computation can be significantly improved by using a fine triangular mesh and the
CM/NEW algorithm in which the time step used in the same in the two domains.
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Figure 1: Example of two subdomains. The domainΩ1 with a square mesh and the domain
Ω2 with (a) a square mesh with subgridding or (b) a square mesh with a triangular mesh.
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Figure 2: (a) Waveguide for the first application (b) Subgridding in the domainΩ2 (c)
Triangular mesh in the domainΩ2
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Figure 3: (a) Reflection coefficient R at the interface between the domainsΩ1 andΩ2; (b)
Relative error in the radial electric fieldEz generated by a line source.


